We relate factorizable quantum channels on M n (C), for n ≥ 2, via their Choi matrix, to certain correlation matrices, which, in turn, are shown to be parametrized by traces on the free unital product M n (C) * C M n (C). Factorizable maps that admit a finite dimensional ancilla are parametrized by finite dimensional traces on M n (C) * C M n (C), and factorizable maps that approximately factor through finite dimensional C * -algebras are parametrized by traces in the closure of the finite dimensional ones. The latter set is shown to be equal to the set of hyperlinear traces on M n (C) * C M n (C). We finally show that each metrizable Choquet simplex is a face of the simplex of tracial states on M n (C) * C M n (C).
Introduction
Factorizable maps were introduced by C. Anantharaman-Delaroche in [2] in her study of noncommutative analogues of classical ergodic theory results, such as G.-C. Rota's "Alternierende Verfahren" theorem. A factorizable channel T on M n (C) is a unital completely positive trace-preserving map M n (C) → M n (C) that factors through a finite tracial von Neumann algebra (M, τ M ) via two unital * -homomorphisms M n (C) → M (see more details in Section 3). Factorizable maps were in [12] equivalently characterized as arising from an ancillary tracial von Neumann algebra (N, τ N ) and a unitary element u in M n (C) ⊗ N such that T (x) = (id n ⊗ τ N )(u(x ⊗ 1 N )u * ), for all x ∈ M n (C). It was recently shown in [19] that the ancilla N cannot always be taken to be finite dimensional (or even of type I). U. Haagerup and the first named author proved in [13] that each factorizable channel can be approximated by factorizable maps with finite dimensional ancilla if and only if the Connes Embedding Problem has an affirmative answer.
In this paper we take a different look at factorizable maps, that bears resemblance to the description of quantum correlation matrices arising in Tsirelson's conjecture. In Section 3 we establish when a linear map on M n (C) is factorizable in terms of certain properties of its Choi matrix. Fritz, [10] , and, respectively, Junge et al., [15] , expressed the quantum correlation matrices appearing in Tsirelson's conjecture in terms of states on the minimal, respectively, the maximal tensor product of the full group C * -algebra associated with the free product of finitely many copies of a finite cyclic group. (This description, in turn, was the bridge needed to prove the equivalence between Tsirelson's conjecture and the Connes Embedding Problem, with the finishing touch provided by Ozawa, [21] .) In a similar spirit we recast the description of factorizable maps on M n (C) in terms of traces on the unital universal free product M n (C) * C M n (C). We show that factorizable channels with finite dimensional ancilla are parametrized by finite dimensional traces on M n (C) * C M n (C), and factorizable channels that can be approximated by ones with finite dimensional ancilla are parametrized by traces in the closure of the finite dimensional ones. Thus, by the aforementioned result by Haagerup and the first named author, if the finite dimensional tracial states on M n (C) * C M n (C) are weak * -dense in the set of all tracial states, then Connes Embedding Problem has an affimative answer. We show that the converse also holds, so these two statements are, in fact, equivalent.
The C * -algebra M n (C) * C M n (C) is known to be residually finite dimensional, [9] , and semiprojective, [3] . However, as remarked by N. Brown, [5] , it is not the case that the set of finite dimensional traces on a residually finite dimensional C * -algebra is always dense. In the case of the particular C * -algebra M n (C) * C M n (C), we show that the closure of the finite dimensional traces is equal to the set of hyperlinear traces.
We show that M n (C) ⊗ A is a quotient of M n (C) * C M n (C), whence each such C * -algebra is generated by two copies of M n (C), whenever A is a (unital) C * -algebra generated by n − 1 unitaries. For n ≥ 3, this class includes all finite dimensional C * -algebras and all singly generated C * -algebras. As an interesting application, we show that the Poulsen simplex is a face of the trace simplex of M n (C) * C M n (C), whenever n ≥ 3. We do not know if the the trace simplex of M n (C) * C M n (C) itself is the Poulsen simplex. We recommend Alfsen's book [1] as an excellent reference to Choquet theory.
Finite dimensional traces and their convex structure
Let A be a unital C * -algebra, and denote by T (A) the simplex of tracial states on A. A tracial state τ on A is said to factor through another unital C * -algebra B, if τ = τ ′ • ϕ, for some unital * -homomorphism ϕ : A → B and some tracial state τ ′ on B. If ϕ is surjective, we say that τ factors surjectively through B. Furthermore, τ is said to be finite dimensional if it factors through a finite dimensional C * -algebra. Equivalently, τ is finite dimensional if and only if A/I τ is finite dimensional, where I τ = {a ∈ A : τ (a * a) = 0}. This again is equivalent to the enveloping von Neumann algebra π τ (A) ′′ of the GNS representation π τ arising from τ being finite dimensional. (Note that π τ (A) ∼ = A/I τ .) The set of finite dimensional tracial states on A is denoted by T fin (A). Clearly, T fin (A) is non-empty precisely when A admits at least one finite dimensional representation. Proposition 2.1. Let A be a unital C * -algebra, and assume that T fin (A) is non-empty. Then:
is a convex face of T (A), and its closure T fin (A) is a closed face of T (A).
(ii) T fin (A) = conv ∂ e T (A) ∩ T fin (A) , and ∂ e T (A) ∩ T fin (A) consists of those tracial states on A that factor surjectively through M k (C), for some k ≥ 1.
Proof. (i). Let τ 1 , τ 2 belong to T fin (A), witnessed by finite dimensional C * -algebras B 1 and B 2 , unital * -homomorphisms ϕ j : A → B j , and tracial states σ j on B j such that τ j = σ j • ϕ j , for j = 1, 2. Consider the * -homomorphism ϕ = ϕ 1 ⊕ ϕ 2 : A → B 1 ⊕ B 2 . Fix 0 < c < 1 and let σ be the tracial state on
Suppose, conversely, that τ 1 , τ 2 belong to T (A) and that cτ 1 + (1 − c)τ 2 belongs to T fin (A), for some 0 < c < 1. Then A/I cτ 1 +(1−c)τ 2 is finite dimensional. But I cτ 1 +(1−c)τ 2 = I τ 1 ∩ I τ 2 , so A/I τ 1 and A/I τ 2 are both finite dimensional, whence τ 1 , τ 2 belong to T fin (A).
The last claim follows from the fact that the closure of a face of any compact convex set is, again, a face.
(ii). It is well-known that τ belongs to the extreme boundary ∂ e T (A) if and only if π τ (A) ′′ is a factor. If π τ (A) is finite dimensional, then this happens if and only if π τ (A) is a full matrix algebra, whence τ is as desired.
Let τ be an arbitrary finite dimensional trace on A, and write it as τ = τ 0 • ϕ, for some unital * -homomorphism ϕ : A → B onto some finite dimensional C * -algebra B and some tracial state τ 0 on B. Write B = r j=1 B j , where each B j is a full matrix algebra, and let π j : B → B j be the canonical projection. Then τ = r j=1 c j τ j , where τ j = tr B j • π j • ϕ and c j = τ (e j ), where e j ∈ B is the unit of B j .
We have the following inclusions:
where T qd (A), T am (A) and T hyp (A) are the sets of quasi-diagonal, amenable, respectively, hyperlinear traces on A. Recall, e.g., from [5] , see also the introduction of [23] , that a tracial state τ on A is hyperlinear if it factors through an ultrapower R ω of the hyperfinite II 1 -factor R. Equivalently, τ is hyperlinear if π τ (A) ′′ embeds in a trace-preserving way into R ω . If the embedding π τ (A) ′′ → R ω moreover can be chosen to admit a ucp lift π τ (A) ′′ → ℓ ∞ (R), then τ is amenable (or liftable, in the terminology of Kirchberg, [16] ). A trace τ is quasidiagonal if it factors through the C * -ultrapower Q ω of the universal UHF algebra Q with respect to an ultrafilter ω, in such a way that the embedding A → Q ω admits a ucp lift A → ℓ ∞ (Q). It is known that each of the three sets T qd (A), T am (A), and T hyp (A) is closed and convex. Kirchberg proved in [16] that, moreover, T am (A) is a face of T (A). The Connes Embedding Problem is equivalent to T hyp (A) being equal to T (A), for all A. It is not known if T qd (A) = T am (A) in general, but recent remarkable results in [25] , [11] and [23] have resolved that amenable traces are quasi-diagonal in many important cases of interest.
Recall that a C * -algebra A is residually finite dimensional if it admits a separating family of finite dimensional representations ϕ i : A → M k(i) (C), i ∈ I. The index set I can be taken to be countable if A is separable. Equivalently, A is residually finite dimensional if and only if the set of finite dimensional traces on A is separating, in the sense that τ ∈T fin (A) I τ = {0}. Though the set of finite dimensional traces on a residually finite dimensional C * -algebra is large, it may, however, not be weak * -dense, as shown by N. Brown, see [5, Corollary 4.3.8 
]:
Proposition 2.2 (N. Brown). There exists an exact unital residually finite dimensional C * -algebra A for which T am (A) = T (A). In particular, T fin (A) is not dense in T (A).
In fact, Brown showed in [4] that there is a separable unital exact residually finite dimensional C * -algebra A that surjects onto C * λ (F 2 ). The trace τ on A that factors through C * λ (F 2 ) is not amenable, because π τ (A) ′′ (which is equal to the group von Neumann algebra L(F 2 )) is not hyperfinite, while A is exact.
Remark 2.3. The face T fin (A) of the convex set of finite dimensional tracial states on a unital C * -algebra A is almost never closed. More precisely, if A is a unital residually finite dimensional C * -algebra, then T fin (A) is closed if and only if A is finite dimensional. Indeed, if A is infinite dimensional, then it admits a sequence {π n } n≥1 of pairwise inequivalent finite dimensional irreducible representations. For n ≥ 1, set τ n = tr k(n) • π n , where k(n) is the dimension of the representation π n . Then {τ n } n≥1 is a sequence of distinct extreme points of T fin (A), and τ := ∞ n=1 2 −n τ n belongs to the closure of T fin (A), but not to T fin (A) itself. A more interesting and less straightforward question is to characterize those residually finite dimensional C * -algebras A for which the closure of T fin (A) contains a trace τ of type II 1 . If such a trace τ is the limit of a sequence {τ n } n≥1 in T fin (A), then, necessarily, the dimension of π τn (A) will tend to infinity, as n → ∞. The converse does not hold. One can have a sequence {τ n } n≥1 of (extremal) finite dimensional traces of type I kn , with k n → ∞, converging to an extremal trace τ 0 which is not of type II 1 . In fact, τ 0 can even be a character, i.e., an abelian trace! To verify the last claim made above, take a UHF-algebra B with an increasing chain of finite dimensional sub-C * -algebras B n , n ≥ 1, whose union is dense. Let A be the "telescope" C * -algebra consisting of all continuous functions f :
Set τ n = τ B • ev 1/n , where τ B is the unique tracial state on B, and set τ 0 = τ B • ev 0 . Then π τn (A) is isomorphic to B n , and τ n → τ 0 , while τ 0 is one-dimensional (i.e., abelian). One can further see that the C * -algebra A has no traces of type II 1 .
Note that a separable C * -algebra is residually finite dimensional if and only if it embeds into a C * -algebra of the form M = ∞ n=1 M k(n) (C), for some sequence {k(n)} n≥1 of positive integers k(n). The (non-separable) C * -algebra M is itself residually finite dimensional. The following result is contained in Ozawa, [20, Theorem 8] , but also follows from [26] :
Proof. Since M is an AW * -algebra (in fact, a finite von Neumann algebra), we can use [26] to see that any tracial state on M factors through the center Z(M) of M via the (unique) center valued trace. The center Z(M) can be identified with C(βN), the continuous functions on the Stone-Čech compactification of N. Hence, tracial states on M are in one-toone correspondence with probability measures on βN. Furthermore, finite dimensional traces correspond to convex combinations of Dirac measures at points of N. Since N is dense in βN, and since the convex hull of Dirac measures (at points of βN) is dense in the set of all probability measures on βN, we reach the desired conclusion.
Let A be a separable residually finite dimensional unital C * -algebra, and let ϕ : A → ∞ n=1 M k(n) (C) be a unital embedding. For each j, consider the trace
is the jth coordinate projection. We say that the inclusion of A into
. Each separable residually finite dimensional unital C * -algebra admits a standard embedding into ∞ n=1 M k(n) (C), for some sequence {k(n)} n≥1 of positive integers. Indeed, if A is separable, then T (A) is separable, and hence so is ∂ e T (A) ∩ T fin (A). Pick a countable dense subset {τ n : n ≥ 1} of this set, and write τ n = tr k(n) •ϕ n , for some surjective * -homomorphism
where the second equality follows from density of {τ n : n ≥ 1} in ∂ e T (A) ∩ T fin (A), and from Proposition 2.1 (ii).
Proposition 2.5. Let A be a separable residually finite dimensional C * -algebra with standard embedding ϕ : A → ∞ n=1 M k(n) (C) := M. A tracial state τ on A belongs to the weak * -closure of T fin (A) if and only if it extends to a tracial state on M (in the sense that τ = τ ′ • ϕ, for some tracial state τ ′ on M).
Proof. The restriction of each finite dimensional trace on M to the image of A is finite dimensional (viewed as a trace on A). It therefore follows from Proposition 2.4 that each trace on A that extends to a tracial state τ ′ on M can be approximated by finite dimensional traces on A.
To prove the converse direction, note first that each trace of the form tr • π n • ϕ which belongs to T fin (A), extends to the trace tr • π n on M, where, as above,
The set of tracial states on A that extend to a tracial state on M, is closed and convex (it is equal to the image of the continuous affine homomorphism T (M) → T (A) induced by the embedding ϕ : A → M). We can therefore conclude from Proposition 2.1 (ii) that each tracial state in the closure of T fin (A) extends to a tracial state on M.
It was remarked in [8, Section 2.1] that the following three properties are equivalent for any matricially weakly semiprojective C * -algebra A: a) A is residually finite dimensional, b) A is quasi-diagonal and c) A is MF. Note that every weakly semiprojective C * -algebra is also matricially weakly semiprojective. Proposition 2.6. Let A be a (matricially) weakly semiprojective residually finite dimensional unital C * -algebra. Then T fin (A) = T qd (A).
Proof. If τ is a quasi-diagonal tracial state on A, then τ is in particular a matricial field, see [23] , so there exist integers k(n) ≥ 1, a * -homomorphism
Since A is matricially weakly semiprojective, ϕ lifts to a * -homomorphism ψ =
for all a ∈ A. As tr k(n) • ψ n belongs to T fin (A), we conclude that τ belongs to T fin (A).
We do not know of examples of unital residually finite dimensional C * -algebras where the conclusion of Proposition 2.6 fails. Kirchberg proved in [16] that T fin (C * λ (G)) = T am (C * λ (G)), for all discrete groups G with Kazhdan's property (T) and the factorization property.
We now turn our interest to the particular example of the unital universal free product M n (C) * C M n (C) of two copies of the full matrix algebra M n (C). It was shown in [9] 
Then any unital * -homomorphism M n (C) → B lifts to a unital * -homomorphism M n (C) → A, and any unital
Proof. Fix a unital * -homomorphism β : M n (C) → B, and pick any unital * -homomorphism
, where e ij , 1 ≤ i, j ≤ n, are the standard matrix units for M n (C). It is a well-known fact, see, e.g., [22, Lemma 7.3.2(ii) ], that β and β ′ are unitaily equivalent, i.e., there is a unitary u ∈ B such that uβ ′ (a)u * = β(a), for all a ∈ A. By (a), u lifts to a unitary v ∈ A. It follows that α : A → M n (C) given by α(a) = vα ′ (a)v * , a ∈ A, is a lift of β.
By the universal property of free products, there is a bijective correspondence between unital * -homomorphisms from M n (C) * C M n (C) into a given unital C * -algebra and pairs of unital * -homomorphisms from M n (C) into the same unital C * -algebra. The second statement about M n (C) * C M n (C) follows therefore from the first statement.
. By the definition of hyperlinear traces, there is a unital embedding ϕ : M n (C) * C M n (C) → R ω such that τ = τ R ω • ϕ. Let Q denote the universal UHF algebra, and view it as a dense subalgebra of the hyperfinite II 1 -factor R, with respect to · 2 . Composing the inclusion
Since Q is dense in R, we see that π is surjective. The * -homomorphism ϕ lifts to a * -homo-
This shows that τ is the limit of a net of tracial states that factor through the universal UHF-algebra Q. As every tracial state that factors through Q is quasi-diagonal and the set of quasi-diagonal traces is closed, we conclude that τ is quasi-diagonal. By Proposition 2.6, this completes the proof.
Factorizable maps and the Connes Embedding Problem: a new viewpoint
We give in this section a new characterization of factorizable maps that bears some resemblance with the quantum correlations matrices that appear in Tsirelson's conjecture and in quantum games. From this viewpoint, we establish a new link to the Connes Embedding Problem.
To each linear map T : M n (C) → M n (C), one associates its Choi matrix
where e ij , 1 ≤ i, j ≤ n are, as usual, the standard matrix units for M n (C). A celebrated theorem of Choi, [6] , states that T is completely positive if and only if C T is a positive matrix. Furthermore, we can recover T from the matrix C T by the formula
C T (i, j; k, ℓ) e kℓ , i, j, k, ℓ = 1, 2, . . . , n,
where C T (i, j; k, ℓ) are the matrix coefficients of C T , cf. (3.2) below. Namely, equip the vector space M n (C) with the inner product · , · Trn coming from the standard (un-normalized) trace Tr n on M n (C). (We reserve the notation tr n for the normalized trace on M n (C).) The set of standard matrix units {e ij } is then an orthonormal basis for M n (C), and
A unital completely positive trace-preserving map T : M n (C) → M n (C) is factorizable if there exist a finite von Neumann algebra M with normal faithful tracial state τ M and unital * -homomorphisms α, β :
is the adjoint of β. The map β * is formally defined by the identity
and it is obtained (see [12] ) by composing the (unique) trace-preserving conditional expectation E : M → β(M n (C)) with β −1 . In this case, T is said to factor through (M, τ M ).
As shown in [12] , if T is factorizable through (M, τ M ), then we may write M = M n (C)⊗N , for some ancillary finite von Neumann algebra (N, τ N ), and we may take β to be given by β(x) = x ⊗ 1 N , for x ∈ M n (C). In this case, α(x) = u(x ⊗ 1 N )u * , for some unitary u ∈ M n (C) ⊗ N , and T (x) = (id n ⊗ τ N )(u(x ⊗ 1 N )u * ), for x ∈ M n (C). This gives a more transparent definition of T being factorizable. The finite von Neumann algebra N above is called the ancilla.
We shall now rephrase the notion of factorizability of a map T in terms of a certain property of its associated Choi matrix. Proposition 3.1. Let n ≥ 2 be an integer, and let T : M n (C) → M n (C) be a linear map with Choi matrix C T = C T (i, j; k, ℓ) (i,k),(j,ℓ) as above. Then the following are equivalent:
(ii) There is a finite von Neumann algebra M with normal faithful tracial state τ M , a unital * -homomorphism α : M n (C) → M , and a set of n × n matrix units {f ij } n i,j=1 in M such that
(iii) There is a finite von Neumann algebra M with normal faithful tracial state τ M and sets of n × n matrix units {f ij } n i,j=1 and {g ij } n i,j=1 in M such that
(iv) There is a tracial state τ on the unital free product C * -algebra M n (C) * C M n (C) so that
where ι 1 and ι 2 are the two canonical inclusions of
Proof. (i) ⇔ (ii). Suppose that T is factorizable through a finite von Neumann algebra M
with normal faithful tracial state τ M with respect to unital * -homomorphisms α, β :
) be the trace-preserving conditional expectation. Set f ij = β(e ij ). Then { √ n f ij } is an orthonormal basis for β(M n (C)) with respect to the inner product
This proves (ii), since
For the converse direction, let β : M n (C) → M be given by β(e ij ) = f ij , 1 ≤ i, j ≤ n. By reversing the argument above, one can verify that
(ii) ⇔ (iii). Let M , τ M and α be as in (ii). Set g ij = α(e ij ), 1 ≤ i.j ≤ n. Then
α(e ij ), f kℓ τ M e kℓ .
(iii) ⇔ (iv). Assuming that (iii) holds, let π : M n (C) * C M n (C) → M be the * -homomorphism satisfying π(ι 1 (e ij )) = g ij and π(ι 2 (e ij )) = f ij , 1
, for all i, j. Conversely, if (iv) holds with respect to some tracial state τ on M n (C) * C M n (C), then let M be the finite von Neumann algebra π τ (M n (C) * C M n (C)) ′′ , equipped with the extension of τ to M , denoted by τ M . Then (iii) holds with g ij = π τ (ι 1 (e ij )) and f ij = π τ (ι 2 (e ij )), for all 1 ≤ i, j ≤ n.
Note that by (iii) one can identify the set FM(n) of factorizable maps on M n (C), via their Choi matrix, with the set of correlation matrices: τ (f * kℓ g ij ) i,j,k,ℓ : {f kℓ }, {g ij } are sets of n × n matrix units in a von Neumann alg. (M, τ ) .
This picture of the set of factorizable maps bears resemblance to the set of quantum correlations matrices arising, for example, in Tsirelson's conjecture.
By the results of Proposition 3.1, we can define a map
by letting T = Φ(τ ) be the factorizable map determined by (3.3), for each tracial state τ on M n (C) * C M n (C). Combining equations (3.1) and (3.3), we see that, for all x ∈ M n (C),
Following the notation of [19] , denote by FM fin (n) the set of maps in FM(n) that admit a factorization through a finite dimensional C * -algebra.
is continuous, affine and surjective. Moreover,
Proof. Surjectivity of Φ follows from Proposition 3.1. To prove it is continuous and affine, it suffices to show that the map τ → Φ(τ )(x) is continuous and affine, for all x ∈ M n (C). This follows easily from (3.4).
(
Likewise, if T belongs to FM fin (n), then we can take the finite von Neumann algebra M with normal faithful tracial state τ M in (iii) of Proposition 3.1 to be finite dimensional. Let π : M n (C) * C M n (C) → M be as in the proof of (iii) ⇒ (iv) in Proposition 3.1, and let
Finally, (ii) follows from (i), continuity of Φ, compactness of T fin (M n (C) * C M n (C)), and Theorem 2.8.
Remark 3.3. Proposition 3.2 offers a more streamlined way, avoiding ultraproduct arguments, of showing the well-known fact that the set FM(n) is a compact convex subset of the normed vector space of all linear maps on M n (C).
Note that the map Φ is not injective. More precisely, if we let E n denote the n 4 -dimensional operator subspace of M n (C) * C M n (C) spanned by {ι 1 (x)ι 2 (y) : x, y ∈ M n (C)}, then
The corollary below extends and sheds new light on [13, Theorem 3.7] , which states that (i) and (ii) below are equivalent. (i) The Connes Embedding Problem has an affirmative answer,
Proof. It is clear that an affirmative answer to the Connes Embedding Problem is equivalent to all traces on all C * -algebras being hyperlinear, thus proving (i) ⇒ (iii), while the implication (iii) ⇒ (iv) is trivial. It follows from Proposition 3.2 (ii) and (3.5) that (iv) ⇒ (ii). Finally, (ii) ⇒ (i) is contained in [13, Theorem 3.7] .
Remark 3.5. Suppose that τ is a tracial state on M n (C) * C M n (C), and that T = Φ(τ ) is the corresponding factorizable map on M n (C). Then, by the proof of Proposition 3.1, we see that T admits a factorization through the finite von Neumann algebra M = π τ (M n (C) * C M n (C)) ′′ , equipped with the trace τ . In particular, we see that M admits an embedding into R ω if and only if τ is hyperlinear. It was shown in [13] that T belongs to FM fin (n) if and only if it admits a factorization through a finite von Neumann algebra that embeds into R ω .
Remark 3.6. J. Peterson mentioned to us that one can prove the implication (iii) ⇒ (i) of Corollary 3.4 directly as follows: Assume that (iii) holds and that (M, τ ) is a separable II 1 -factor. Upon replacing M by M ⊗ R, we may assume that M is singly generated, and hence generated by two self-adjoint elements a and b, that can be taken to be contractions. Take sequences {a n } n≥1 and {b n } n≥1 of self-adjoint contractions converging with respect to · 2 to a and b, respectively, so that C * (1 M , a n ) and C * (1 M , b n ) admit unital embeddings (necessarily trace-preserving) into M n (C). (Such a unital embedding exists precisely when a n and b n are of the form n j=1 λ j e j , for some real numbers λ j and some pairwise orthogonal and pairwise equivalent projections e 1 , . . . , e n summing up to 1.) Then C * (1 M , a n , b n ) admits a unital embedding into M n (C) * C M n (C), that is trace-preserving with respect to some tracial state τ on M n (C) * C M n (C), which, by assumption, is hyperlinear. This shows that C * (1 M , a n , b n ) admits a unital trace-preserving embedding into R ω . Consequently, M embeds into the double ultrapower (R ω ) ω , and therefore into R ω , by a diagonal argument.
We end this paper with a result concerning the structure of the simplex T (M n (C) * C M n (C)), and a related result describing which unital C * -algebras are quotients of M n (C) * C M n (C), or, equivalently, which unital C * -algebras can be generated by two copies of M n (C). Recall that a unital C * -algebra is generated by n ≥ 1 elements if and only if it is generated by 2n self-adjoint elements; and if a unital C * -algebra is generated by n self-adjoint elements, then it is also generated by n unitary elements. Proposition 3.7. Let A be a unital C * -algebra, and let n ≥ 2 be an integer.
A is generated by at most n 2 elements.
(ii) If A is generated by n−1 unitaries, then there exists a unital surjective * -homomorphism
⊗ A, and we may take α(x) = x ⊗ 1 A , for x ∈ M n (C). Now, M n (C) is singly generated, say by an element g ∈ M n (C), and
e ij ⊗ g ij , for some elements g ij ∈ A, 1 ≤ i, j ≤ n. Since ϕ is surjective, it follows that A must be generated by the set {g ij : 1 ≤ i, j ≤ n}.
(ii). Suppose that A is generated by unitaries u 2 , . . . , u n in A. Set f 11 = e 11 ⊗ 1 A and f 1j = e 1j ⊗ u j , for 2 ≤ j ≤ n. Note that f 1j f * 1j = e 11 ⊗ 1 A , and that
A be determined by α and β (i.e., γ(ι 1 (x)) = α(x) and γ(ι 2 (x)) = β(x), for x ∈ M n (C)). It is then easy to see that 1 ⊗ u j belongs to the image of γ, for 2 ≤ j ≤ n, and M n (C) ⊗ 1 A is contained in the image of γ. This shows that γ is surjective.
It follows in particular, that M n (C) ⊗ A is a quotient of M n (C) * C M n (C) for every singly generated unital C * -algebra A, when n ≥ 3. It was shown in [24] that every unital separable Z-stable C * -algebra is singly generated. It is easy to see that every finite dimensional C * -algebra is singly generated, so M n (C) ⊗ A is generated by two copies of M n (C), whenever A is finite dimensional and n ≥ 3.
Remark 3.8. We know, e.g., from Remark 2.3 that T fin (M n (C) * C M n (C)) is not closed, for all n ≥ 2. For n ≥ 11, this also follows from Proposition 3.2 and the main result from [19] , which states that FM fin (n) is non-closed.
One can exhibit many traces in T (M n (C) * C M n (C)), and also in T fin (M n (C) * C M n (C)), which are of type II 1 . Indeed, take any unital separable tracial C * -algebra (A, τ ). Then, by Proposition 3.7, there is a trace τ ′ on M n (C) * C M n (C) that factors through the trace τ ⊗ tr n ⊗ τ Z on A ⊗ M n (C) ⊗ Z. The trace τ ′ is always of type II 1 , it is a factor trace if τ is, and τ ′ belongs to the closure of T fin (M n (C) * C M n (C)), which equals T hyp (M n (C) * C M n (C)), if π τ (A) ′′ embeds into R ω .
For the proof of the proposition below we make use of the following elementary fact: Any surjective unital * -homomorphism ϕ : A → B between unital C * -algebras A and B induces an affine continuous injective map T (ϕ) : T (B) → T (A), by T (τ ) = τ • ϕ, for τ ∈ T (B). Moreover, T (ϕ) maps extreme points of T (B) into extreme points of T (A), and hence faces of T (B) onto faces of T (A). Indeed, if τ is an extreme point of T (B), then π τ (B) ′′ is a factor. As B = ϕ(A) we get that π τ •ϕ (A) = π τ (B), so π τ •ϕ (A) ′′ = π τ (B) ′′ is a factor, which implies that T (τ ) = τ • ϕ is an extreme point. Theorem 3.9. Let n ≥ 3 be an integer. Then each metrizable Choquet simplex is affinely homeomorphic to a (closed) face of T (M n (C) * C M n (C)).
Proof. Let S be a metrizable Choquet simplex. Then there is a simple infinite dimensional unital AF-algebra A such that T (A) is affinely homeomorphic to S, see, e.g., [7] or [17] . Every simple infinite dimensional unital AF-algebra is Z-absorbing, see [14, Theorem 5] , and hence singly generated. It follows from Proposition 3.7 above that there is a unital surjective * -homomorphism ϕ : M n (C) * C M n (C) → M n (C) ⊗ A, which, in turn, induces an injective affine continuous map T (ϕ) : T (A) → T (M n (C) * C M n (C)). As remarked above, the image of T (ϕ) is a face of T (M n (C) * C M n (C)) which is affinely homeomorphic to S.
It was shown in [18, Theorems 2.3, 2.5 and 2.11] that a metrizable Choquet simplex S is equal to the Poulsen simplex if and only if (i): each metrizable Choquet simplex is affinely homeomorphic to a face of S, and, moreover, (ii): S has the following strong homogeneity property: for every pair F, F ′ of faces of S with dim(F ) = dim(F ′ ) < ∞, there is an affine homemorphism of S that maps F onto F ′ . We would like to point out that property (i) by itself does not characterize the Poulsen simplex, so one cannot conclude from Proposition 3.9 that T (M n (C) * C M n (C)) is the Poulsen simplex. Indeed, if S is the Poulsen simplex embedded in a locally convex topological vector space V , then the suspension S ′ := {(ts, 1 − t) : s ∈ S, 0 ≤ t ≤ 1} ⊆ V × R of S is a Choquet simplex that contains S as a face, but it is not itself the Poulsen simplex, as the extreme points are not dense.
